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In this paper, we study the existence and linear stability of the rhomboidal periodic orbit
in the planar equal mass four-body problem. The Hamiltonian of the differential system
is regularized by a Levi–Civita type transformation and an appropriate scaling of time.
The initial condition of this orbit is shown to be the inﬁmum of some well-chosen set. This
existence proof is direct and surprisingly simple. Further, a careful study shows that this
orbit has a symmetry group isomorphic to the dihedral group D4. Then Roberts’ symmetry
reduction method is applied to show the linear stability. It turns out that the rhomboidal
periodic orbit in the planar equal mass four-body problem is linearly stable.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The n-body problem in celestial mechanics is a system of n points with masses m1,m2, . . . ,mn attracting each other by
Newtonian gravitational law. The following differential equation
mi p¨i =
∑
j =i
−mim j(pi − p j)|pi − p j|3
(1.1)
gives a mathematical description of the planar n-body problem, where pi ∈ R2 denotes the position of the ith body with
mass mi . The total energy of the system is E = T − U , where
T = 1
2
n∑
i=1
mi|p˙i|2 (1.2)
is the kinetic energy, and
U =
∑
1i< jn
mim j
|pi − p j| (1.3)
is the potential energy.
Numerically in 1993, Moore [11] discovered a periodic solution where three equal masses orbit each other in a ﬁgure-8.
This orbit is surprisingly simple and it has a very rich symmetry pattern. The symmetry group of it is shown to be iso-
morphic to the dihedral group D6. Later in 2000, Chenciner and Montgomery [3] gave a rigorous proof of the existence
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of this ﬁgure eight orbit. They made a major breakthrough by considering minimization in some symmetric loop space.
Their important work leads a new era in the study of periodic orbits in n-body problem. Many collisionless symmetric
periodic orbits have been found and shown to exist since then. The linear stability of the ﬁgure eight orbit has also been
studied extensively. In 2007, Roberts [12] introduced a symmetry reduction method and gave a computer-assisted proof for
the linear stability of this orbit. In the same year, Kapela and Simó [8] showed a different computer-assisted proof for the
linear stability. Later in 2009, Hu and Sun [6,7] studied the stability from the point of view of index. They introduced the
iteration theory of Maslov-type index [9] and built up some stability criteria for symmetric periodic orbits. And this criteria
shows the linear stability of this ﬁgure eight orbit. Their approach is interesting in itself and it provides a new perspective
to investigate the periodic orbits with variational structures.
Actually, there is another type of periodic orbits, which contain collision singularities in their motions. These orbits
are generally called singular periodic orbits. One of the most famous singular periodic orbits is Schubart orbit. In 1950s,
Schubart [15] numerically discovered a singular periodic orbit in the collinear equal mass three-body problem. This or-
bit has during each period two binary collisions where the inner body alternatively collides with the two outer bodies.
Hénon [4] extended Schubart’s numerical investigations to the case of unequal masses. Only recently in 2008, did Ven-
turelli [18] and Moeckel [10] prove the existence of the Schubart orbit when the outer masses are equal and the inner
mass is arbitrary. In 2010, Shibayama [14] extended the variational approach to the case of three arbitrary masses. The
linear stability of Schubart orbit was determined numerically by Hietarinta and Mikkola [5] revealing that linear stability
occurs only for some choices of the three masses. As an extension of Schubart’s work, Sweatman [16,17] numerically found
and determined the linear stability of a Schubart-like orbit in the symmetric collinear four-body problem with masses 1,
m, m, and 1. This Schubart-like periodic orbit alternates between simultaneous binary collisions (SBC) and inner binary
collisions. Ouyang and Yan [13] showed the existence of this orbit by introducing a “turning point” technique and a conti-
nuity argument. The symmetry group of this orbit is isomorphic to D2, of which both of the generators are time-reversing
symmetries. By applying Roberts’ symmetry reduction method, the linear stability of this Schubart-like orbit is analyzed by
Bakker et al. [2].
The main goal of this paper is to analytically show the existence and the linear stability of the rhomboidal periodic
orbit in the planar equal mass four-body problem. In general, the rhomboidal periodic orbit is a planar symmetric periodic
orbit with collision singularities where the masses on each symmetry axis are the same, say 1,m,1,m when considered
clockwise as shown in Fig. 1.
We number the body with mass 1 on the left as body 1 and the others are numbered from 2 to 4 clockwise. As we can
see in Fig. 1, body 1 and 3 both have mass 1 and they always move on the horizontal line. Body 2 and 4 both have mass
m and they move on the vertical line all the time. In each period of the rhomboidal periodic orbit, there are two binary
collisions between the two mass pairs: body 1 and 3, body 2 and 4. At the time of each collision, the other two bodies
which are not involved in collision have velocity 0. Fig. 2 gives a clear picture of the motion of this periodic orbit.
In this paper, we only study the equal mass case: m = 1. Due to the existence of collisions, we will regularize the
system ﬁrst. The regularization of the differential system is achieved by a generalized Levi–Civita type transformation and
an appropriate scaling of time, as adapted from Aarseth and Zare [1]. The initial condition of this periodic orbit is shown
to be the inﬁmum of some well-chosen set. The study of linear stability starts from the symmetry of the orbit. It is shown
that this orbit has a D4 symmetry group in the regularized system. Then Roberts’ symmetry reduction method is applied
and the orbit is shown to be linearly stable.
The paper is organized as follows. The regularization of the differential system is introduced in Section 2. In Section 3,
we show the existence of this orbit. In Section 4, the symmetry group of the orbit is studied and the proof of linear stability
is conducted.
2. Regularization of the differential system
At t = 0, we assume the four bodies lie at (±1,0) and (0,±1) with initial velocities (±v,0) and (0,∓v) respectively,
where v ∈ (0,+∞). For convenience, we number the bodies 1 to 4 throughout the rest of the paper as in Fig. 3.
Let the coordinate of body 3 be (x1,0) and the coordinate of body 2 be (0, x2). By symmetry, body 1 has coordinate
(−x1,0) and body 4 has coordinate (0,−x2). Then the equations of motion are
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x¨1 = − 2x1
(x21 + x22)3/2
− 1
4x21
, (2.1)
x¨2 = − 2x2
(x21 + x22)3/2
− 1
4x22
, (2.2)
with initial conditions
x1(0) = 1, x2(0) = 1, x˙1(0) = v, x˙2(0) = −v. (2.3)
The Hamiltonian of the system is
H = 1
4
(
w21 + w22
)− 1
2x1
− 1
2x2
− 4√
x21 + x22
, (2.4)
where wi = 2x˙i are the momenta canonical to xi (i = 1,2).
Note that there are two binary collisions: x1(t0) = 0 and x2(t1) = 0 in each period of the rhomboidal periodic orbit.
The singularities of the orbit are not essential. For a better understanding of the behavior of the motion of the bodies
in a neighborhood of a collision, the standard technique is to make a change of coordinates and a rescaling of time. In
the new coordinates, the orbits which approach binary collision can be extended across the collision in a smooth manner
with respect to the new time variable. This technique is called regularization. In this problem, the two binary collisions are
regularized by the Aarseth and Zare [1] method.
Let Q 21 = x1, Q 22 = x2, P1 = 2Q 1w1 and P2 = 2Q 2w2. A new time variable s is introduced and it satisﬁes dt/ds = x1x2.
Then the regularized Hamiltonian Γ = x1x2(H − E) has the form
Γ = x1x2(H − E)
= 1
16
P21Q
2
2 +
1
16
P22Q
2
1 −
1
2
Q 21 −
1
2
Q 22 −
4Q 21 Q
2
2√
Q 41 + Q 42
− EQ 21 Q 22 , (2.5)
where E is the total energy of the Hamiltonian H and E = E(0) = 2v2 − 1− 2√2.
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Q ′1 =
1
8
P1Q
2
2 , (2.6)
Q ′2 =
1
8
P2Q
2
1 , (2.7)
P ′1 = −
1
8
P22Q 1 + Q 1 +
8Q 1Q 62
(Q 41 + Q 42 )
3
2
+ 2EQ 1Q 22 , (2.8)
P ′2 = −
1
8
P21Q 2 + Q 2 +
8Q 2Q 61
(Q 41 + Q 42 )
3
2
+ 2EQ 2Q 21 , (2.9)
with initial conditions
Q 1(0) = 1, Q 2(0) = 1, P1(0) = 4v, P2(0) = −4v, (2.10)
where derivatives are with respect to s, and E = 2v2 − 1− 2√2.
3. Existence of the rhomboidal periodic orbit
In this section, we show the existence of the rhomboidal periodic orbit. In order to ﬁnd the right initial condition for
this periodic orbit, it is equivalent to ﬁnd an appropriate v = v0 such that Q 2(s1) = P1(s1) = 0, Q 1(s1) > 0 for some time
s = s1. And then, the existence follows by the symmetry of this orbit.
We ﬁrst show that s1 = s1(v) is a continuous function of v .
Lemma 3.1. Let s1 be the time of the ﬁrst binary collision between body 2 and 4 in the regularized system, i.e. Q 2 > 0, P2 < 0 for
∀s ∈ [0, s1) and Q 2(s1) = 0. Then s1 is a continuous function with respect to the initial velocity v whenever Q 1(s1) = 0.
Proof. In order to apply the implicit function theorem for Q 2 = Q 2(s1, v) = 0, we need to show that (∂Q 2/∂s)(s1, v) = 0.
By the differential equation (2.7),
∂Q 2
∂s
(s1, v) = Q ′2(s1, v) =
1
8
P2(s1)Q 1(s1)
2.
Since Γ = 0, at s = s1, we have
0 =
(
1
16
P2(s1)
2 − 1
2
)
Q 21 .
Note that Q 1(s1) = 0, then P2(s1) = ±2
√
2. Hence, ∂Q 2
∂s (s1, v) = 0. By the implicit function theorem, s1 is a continuous
function of v . 
Lemma 3.2. There exists a v > 0, such that P1(s, v) > 0 for any s ∈ [0, s1(v)].
Proof. By the differential equations (2.6) through (2.9), the derivative of (P1Q 1 + P2Q 2) is
(P1Q 1 + P2Q 2)′ = P ′1Q 1 + P1Q ′1 + +P ′2Q 2 + P2Q ′2
= Q 21 + Q 22 + 4EQ 21 Q 22 +
8Q 21 Q
2
2√
Q 41 + Q 42
= Q 21 Q 22
[
8√
Q 41 + Q 42
+ 1
Q 21
+ 1
Q 22
+ 8v2 − 4− 8√2
]
.
Note that 0 Q 2  1, then
(P1Q 1 + P2Q 2)′ 
(
8v2 − 3− 8√2 )Q 21 Q 22 .
Choose v =
√
3.5+8√2
8 , then
(P1Q 1 + P2Q 2)′ 
(
8v2 − 3− 8√2 )Q 2Q 2 = 0.5Q 2Q 2  0.1 2 1 2
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∫ s
0 (P1Q 1 + P2Q 2)′ ds > 0. Thus,
P1(s)Q 1(s) + P2(s)Q 2(s) =
s∫
0
(P1Q 1 + P2Q 2)′ ds > 0, for any s ∈ (0, s1].
Let t = t1 be the ﬁrst time of binary collision of body 2 and 4, which corresponds to s = s1 in the regularized system.
Then for any t ∈ (0, t1), x2(t) > 0 and x˙2(t) < 0. It follows that Q 2(s) > 0 and P2(s) < 0 for any s ∈ (0, s1). Hence,
P1(s)Q 1(s) > −P2(s)Q 2(s) 0, for any s ∈ (0, s1]. (3.1)
To show Q 1(s) > 0, we consider (Q 21 )
′ for s ∈ (0, s1]:
(
Q 21
)′ = 2Q 1Q ′1 = 14 Q 1P1Q 22  0
by the inequality (3.1). So x1 = Q 21 is an increasing function for s ∈ (0, s1]. Note that Q 1(s) is continuous for s ∈ [0, s1], and
Q 1(0) = 1> 0, then Q 1(s) Q 1(0) > 0 for any s ∈ [0, s1]. Therefore by the inequality (3.1),
P1(s) > 0, for any s ∈ [0, s1]. 
We deﬁne
v0 = inf
{
v > 0
∣∣ P1(s, v) > 0, ∀s ∈ [0, s1(v)]}.
By Lemma 3.2, we know the set {v > 0 | P1(s, v) > 0, ∀s ∈ [0, s1(v)]} is not empty. Then v0 is well deﬁned and v0  0.
Next, we show v0 is positive and it is exactly the initial condition for the rhomboidal periodic orbit.
Lemma 3.3. v0 has the following three properties:
(i) v0 > 0;
(ii) P1(s, v0) > 0, ∀s ∈ [0, s1(v0));
(iii) P1(s1(v0), v0) = 0.
Proof. First, we show v0 > 0. When v = 0, the solution ends up at a total collision and we have P1 < 0 for s ∈ (0, s1(0)).
By the theory of ODE, the differential equations (2.6) through (2.9) have solutions continuous with respect to both s and v .
Then there exists some small enough δ0 > 0, such that P1(s, v) < 0 hold for all s ∈ [δ0, s1(0)− δ0]∩ [0, s1(v)] and v ∈ [0, δ0].
It implies that
{
v > 0
∣∣ P1(s, v) > 0, ∀s ∈ [0, s1(v)]}∩ [0, δ0] = ∅.
Hence v0 > 0.
To prove the second property of v0, we note the deﬁnition of v0:
v0 = inf
{
v > 0
∣∣ P1(s, v) > 0, ∀s ∈ [0, s1(v)]}.
Then
P1(s, v0) 0, ∀s ∈
[
0, s1(v0)
]
.
By the differential equation (2.6), Q ′1 = 1/8P1Q 22  0 for all s ∈ [0, s1(v0)]. So Q 1 is increasing for s ∈ [0, s1(v0)] and
Q 1  Q 1(0) = 1.
Next, we claim that P1(s, v0) > 0 for any s ∈ [0, s1(v0)). If not, there exists some 0 < s∗ < s1(v0), such that
P1(s∗, v0) = 0. Note that P1 = 2Q 1w1. Since Q 1  1, it follows that w1(s∗, v0) = 0. Let t∗ ∈ (0, t1(v0)) be the time cor-
responding to s∗ ∈ (0, s1(v0)), then x˙1(t∗) = 0. By differential equation (2.1), x¨1 < 0 for any t ∈ (0, t1(v0)). So x˙1 < 0 for
t ∈ (t∗, t1(v0)). Note that x1 = Q 21 and Q 1  1 > 0. It follows that Q ′1 < 0 for s ∈ (s∗, s1(v0)). Contradict with the increasing
property of Q 1!
Last, we show P1(s1(v0), v0) = 0. By the deﬁnition of v0, P1(s1(v0), v0) 0. If P1(s1(v0), v0) > 0, by continuity, there
exists some δ > 0, such that P1(s, v) > 0 holds for any v ∈ [v0 − δ, v0 + δ] and s ∈ [0, s1(v)]. Contradict with the deﬁnition
of v0! Therefore,
P1
(
s1(v0), v0
)= 0. 
Remark 1. In the proof of the above Lemma 3.3, we have shown Q 1 is increasing and Q 1  Q 1(0) = 1 > 0. So at v = v0,
the solution is free of total collision for s ∈ [0, s1(v0)].
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in R2 .
Proof. The proof follows by the uniqueness of solution of ODE system.
At time s = 0, the four bodies lie on the vertices of a square and have the initial conditions
Q 1(0) = 1, Q 2(0) = 1, P1(0) = 4v0, P2(0) = −4v0.
At time s = s1, body 3 reaches its maximum and body 2 and 4 has their ﬁrst binary collision,
Q 1(s1) = R1, Q 2(s1) = 0, P1(s1) = 0, P2(s1) = −2
√
2,
where R1 > 1.
Compare the motion for s ∈ [0, s1] with the motion for s ∈ [s1,2s1]. By the uniqueness of the regularized Hamiltonian
system and symmetry, at the time s = 2s1 when the four bodies form a square again, we have
Q 1(2s1) = 1, Q 2(2s1) = −1, P1(2s1) = −4v0, P2(2s1) = −4v0.
By symmetry and uniqueness again, at time s = 3s1,
Q 1(3s1) = 0, Q 2(3s1) = −R1, P1(3s1) = −2
√
2, P2(3s1) = 0.
At time s = 4s1,
Q 1(4s1) = −1, Q 2(4s1) = −1, P1(4s1) = −4v0, P2(4s1) = 4v0,
which is equal to −1 multiplying the initial conditions at s = 0. Then by symmetry, the solution is a periodic orbit with
period T = 8s1. Since xi = Q 2i and Pi = 2Q iwi , in the variables (xi,wi), i = 1,2 and in physical time t the solution is
periodic with period 4t1 (and not 8t1).
Therefore, this periodic orbit is exactly the rhomboidal periodic orbit. 
4. Linear stability
In this section, we apply Roberts’ symmetry reduction method to study the linear stability of the rhomboidal periodic
orbit in the planar equal mass four-body problem. The initial condition for this periodic orbit is found by a shooting method
in MATLAB:
Q 1(0) = 1, Q 2(0) = 1, P1(0) = 3.29852745, P2(0) = −3.29852745.
Let z(t) be a periodic solution of the Hamiltonian system with Hamiltonian H , namely
z′(t) = J H ′(t, z(t)), (4.1)
z(0) = z(T ), (4.2)
where J = [ 0 In−In 0
]
and In is the identity matrix on Rn . The associated fundamental solution γ ≡ γz(t) satisﬁes
γ ′(t) = J H ′′(t, z(t))γ (t), (4.3)
γ (0) = I2n. (4.4)
It is well known that γ is a path in the set of symplectic group
Sp(2n) = {M ∈ GL(2n) ∣∣ MT JM = J},
and γ (T ) is called the monodromy matrix, or the linear Poincaré map. Solution z is called linear stable if ‖γ (T )k‖ is bounded
for all k ∈ N and spectral stable (or elliptic) if all the eigenvalues of γ (T ) are on U , the unit circle in the complex plane C .
For M ∈ Sp(2n), let the elliptic height e(M) be the total algebraic multiplicity of all eigenvalues of M on U .
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Let z(s) = (Q 1(s), Q 2(s), P1(s), P2(s))T be the periodic solution corresponding to the rhomboidal periodic orbit of the
Hamiltonian Γ (2.5). Then by the differential equations (2.6) to (2.9) and initial conditions (2.10),
z′(0) = (Q ′1(0), Q ′2(0), P ′1(0), P ′2(0))=
(
v0
2
,− v0
2
, E, E
)
= (−a,a,b,b),
where a = v0/2 and b = E = 2v20 − 2
√
2− 1.
To consider the linear stability of this orbit, we ﬁrst show that the rhomboidal periodic orbit has a symmetry group
isomorphic to D4.
Lemma 4.1.
z(s + T /4) = S1z(s), z(T /4− s) = R1z(s), (4.5)
where
S1 =
⎡
⎢⎣
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0
⎤
⎥⎦ , R1 =
⎡
⎢⎣
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
⎤
⎥⎦ .
Proof. The proof follows by the uniqueness of solution of the ODE system. Consider the regularized Hamiltonian Γ and its
corresponding differential system (2.6) through (2.9) with the initial condition
Q 1
(
T
4
)
= 1, Q 2
(
T
4
)
= −1, P1
(
T
4
)
= −4v0, P2
(
T
4
)
= −4v0. (4.6)
It is easy to check that S1z(s) is a solution of the differential equations (2.6) through (2.9) with initial condition (4.6). Since
z(s + T /4) is also a solution for the same system with the same initial condition, it follows that
z(s + T /4) = S1z(s).
Similarly, by the uniqueness of the ODE system, z(T /4− s) = R1z(s) holds. 
Remark. The matrices S1 and R1 satisfy S41 = R21 = I and R1S1R1 = S−11 . So the rhomboidal periodic orbit has a symmetry
group isomorphic to the dihedral group D4.
4.2. A good basis
By the previous subsection (4.1), the periodic solution has the symmetry identities z(s + T /4) = S1z(s), z(T /4 − s) =
R1z(s). By Roberts’ work [12], the monodromy matrix γ (T ) satisﬁes
γ (T ) =
[
ST1γ
(
T
4
)]4
, γ
(
T
4
)
= R1γ
(
T
8
)−1
R1γ
(
T
8
)
.
Then we reduce the stability analysis to one eighth of the rhomboidal periodic orbit. Let Y (s) be the fundamental matrix
solution to the linearized equations about the rhomboidal periodic orbit z(s) with arbitrary initial conditions Y0. Let
B = Y (T /8).
By Roberts’ work [12], the matrix Y−10 Y (T ), which is similar to the monodromy matrix γ (T ) = Y (T )Y−10 , satisﬁes
Y−10 Y (T ) =
(
Y−10 S
T
1 R1Y0B
−1R1B
)4
,
where
ST1 R1 =
⎡
⎢⎣
0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0
⎤
⎥⎦ .
The question of linear stability reduces to showing that the eigenvalues of
W = Y−1ST R1Y0B−1R1B0 1
D. Yan / J. Math. Anal. Appl. 388 (2012) 942–951 949are on the unit circle. We deﬁne
Λ =
[
I2 0
0 −I2
]
.
Lemma 4.2. There exists Y0 such that
(i) Y0 is orthogonal and symplectic, and
(ii) Y−10 ST1 R1Y0 = Λ.
Proof. Choose the third column of Y0 to be
z′(0)
‖z′(0)‖ =
1
c
[−a a b b ]T ,
where a = −v0/2, b = E = 2v20 − 2
√
2− 1 and c = √2a2 + 2b2. Let coli(Y0) denote the ith column of Y0. Deﬁne
col1(Y0) = J · col3(Y0) = 1
c
[b b a −a ]T .
We now choose col4(Y0) such that it is orthogonal to col3(Y0), and it is one of the eigenvectors of ST1 R1 with respect to
its eigenvalue of −1. Since the eigenspace of ST1 R1 corresponding to its eigenvalue of −1 is
span
{
[ 1 −1 0 0 ]T , [ 0 0 1 1 ]T },
we deﬁne
col4(Y0) = 1
c
[b −b a a ]T
and
col2(Y0) = J · col4(Y0) = 1
c
[a a −b b ]T .
Then the matrix
Y0 = 1
c
⎡
⎢⎣
b a −a b
b a a −b
a −b b a
−a b b a
⎤
⎥⎦ ,
is both symplectic and orthogonal and it satisﬁes Y−10 ST1 R1Y0 = Λ. 
Theorem 4.3. Let W = ΛD, Λ = Y−10 ST1 R1Y0 , D = B−1R1B. There exists a 2× 2 matrix K such that
1
2
(
W + W−1)=
[
K T 0
0 K
]
. (4.7)
Furthermore, the ﬁrst column of K is [1 0]T .
Proof. Setting D = B−1R1B and choosing Y0 to be the matrix constructed in Lemma 4.2 gives W = ΛD . The matrices Λ
and D are involutions (the latter because R21 = I). Then, W−1 = DΛ.
Next, we calculate 12 (W + W−1). We deﬁne B =
[ B11 B12
B21 B22
]
, where B11, B12, B21, B22 are all 2 × 2 matrices. Since B is
symplectic, it follows that
B−1 = − J BT J =
[
BT22 −BT12
−BT21 BT11
]
.
Note that Λ = [ I2 00 −I2
]
and R1 =
[ R11 0
0 −R11
]
where R11 =
[ 1 0
0 −1
]
.
So matrix D satisﬁes
D = B−1R1B =
[
BT22R11B11 + BT12R11B21 BT22R11B12 + BT12R11B22
BT21R11B11 + BT11R11B21 BT21R11B12 + BT11R11B22
]
. (4.8)
Let D1 = BT R11B11 + BT R11B21, D2 = BT R11B12 + BT R11B22, and D3 = BT R11B11 + BT R11B21. Then matrix D has the22 12 22 12 21 11
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D =
[
D1 D2
D3 DT1
]
. (4.9)
By formulas of Λ and D , we have
1
2
(
W + W−1)= 1
2
(ΛD + DΛ)
= 1
2
([
I2 0
0 −I2
][
D1 D2
D3 DT1
]
+
[
D1 D2
D3 DT1
][
I2 0
0 −I2
])
=
[
D1 0
0 DT1
]
.
Therefore, there is a 2× 2 matrix K = DT1 such that
1
2
(
W + W−1)=
[
K T 0
0 K
]
.
In the last part, we show that the ﬁrst column of K is [1 0]T . Since RT1 = R1, Y−10 = Y T0 , it follows that
W = Y−10 ST1 R1Y0B−1R1B = Y−10 ST1 Y (T /4) = Y T0 ST1 Y (T /4).
Set v = Y−10 z′(0). By the choice of the matrix Y0,
v = Y−10 z′(0) = Y T0 z′(0) =
⎡
⎢⎣
0
0
‖z′(0)‖
0
⎤
⎥⎦= ∥∥z′(0)∥∥e3.
Because z′(s) is a solution to the linearized equation ξ ′ = J D2Γ (z(s))ξ and because z′(0) = Y (0)Y−10 z′(0), then z′(s) =
Y (s)Y−10 z′(0) for all s. Hence,
W v = Y T0 ST1 Y (T /4)v = Y T0 ST1 z′(T /4). (4.10)
Since z satisﬁes z(s + T /4) = S1z(s) for all s and S−11 = ST1 , it then follows that
z′(s) = S−11 z′(s + T /4) = ST1 z′(s + T /4).
Setting s = 0 in this gives z′(0) = ST1 z′(T /4), and consequently that
Y T0 S
T
1 z
′(T /4) = Y T0 z′(0) = Y−10 z′(0) = v. (4.11)
Eqs. (4.10) and (4.11) now combine to show that W v = v , i.e., that 1 is an eigenvalue of W and e3 is an eigenvector for W
corresponding to this eigenvalue. The ﬁrst column of K is as claimed. 
Actually, we can also calculate the second column of K . Let ci be the ith column of B = Y (T /8) (i = 1,2,3,4). Then by
formulas (4.8) and (4.9),
col2(K ) = col2
(
DT1
)
= col2
(
BT21R11B12 + BT11R11B22
)
= BT21R11col2(B12) + BT11R11col2(B22)
= (c1, c2)T R1 J c4,
where (c1, c2) is a 4× 2 matrix with c1 as its ﬁrst column and c2 as its second column.
Therefore,
K =
[
1 cT1 (R1 J c4)
0 cT2 (R1 J c4)
]
,
where ci is the ith column of B = Y (T /8).
The next result is adopted from Roberts’ work [12]. It tells us the linear stability of the rhomboidal periodic orbit is
equivalent to show that the eigenvalues of K are real and have absolute value smaller than or equal to 1.
D. Yan / J. Math. Anal. Appl. 388 (2012) 942–951 951Lemma 4.4. For a symplectic matrix W , suppose there is a matrix K such that
1
2
(
W + W−1)=
[
K T 0
0 K
]
.
Then W is stable if and only if all the eigenvalues of K are real and have absolute values smaller than or equal to 1.
Therefore, the linear stability problem reduces to the comparison of an absolute value |cT2 (R1 J c4)| and 1, where R1 =
diag{1,−1,−1,1}, and ci is the ith column of B = Y (T /8).
4.3. Numerical calculations
Using MATLAB and a Runge–Kutta–Fehlberg algorithm, we computed the columns of the matrix Y (T /8) with an absolute
error tolerance of 5× 10−3. From this we got
cT2 (R1 J c4) = −0.22926.
For the rhomboidal periodic orbit, the rigorous estimate of the eigenvalue cT2 (S Jc4) of K and its distinctiveness from the
eigenvalue 1 of K combine with Lemma 4.4 to give the following stability result.
Theorem 4.5. The rhomboidal periodic orbit in the planar equal mass four-body problem is linearly stable.
The symmetry reductions used to compute the eigenvalues over just one-eighth of the period and the rigorous estimate
of cT2 (R1 J c4) showing that it is clearly between −1 and 1, assures the linear stability of the rhomboidal periodic orbit.
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